Minimizing Path Length in Digital Circuits Based on Equation Solving
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Abstract

In this paper, we propose an approach for minimizing
path length from primary inputs to primary outputs in digital
circuits. A digital circuit is divided into parts and the
flexibility for each part is provided by the largest solution to
an appropriate FSM equation. We propose sufficient
conditions for checking whether one or some output
(transfer) functions can be replaced by a simple function of
two primary input variables that can be implemented as a
single gate. The established conditions become necessary and
sufficient conditions for combinational circuits.

1. Introduction

The complexity of digital circuits increases quigkl
and thus, the problem of their optimal design with
respect to criteria such as reliability, fault-talece,
minimal number of communication lines, delay, area
etc. remains a challenging problem for developiag n
information technologies. The best approach for the
optimization has been shown to be an iterative
optimization checking at each step for conformance
and improvement. One such approach is based on
solving FSM equations under synchronous composition
operators, which model interacting FSMs in hardware
In the paper [1], the authors characterized the
solvability of a synchronous equation and showed ho
to effectively compute a largest solution to a able
equation (any other solution is a reduction of rgédat
solution). A largest solution to an equation can be
viewed as a general solution to the equation and, th
can be viewed as a reservoir for all possible
optimizations of a component of interest, from whic
an optimal component implementation can be chosen.
However, the complexity of solving an FSM equation
generally is exponential in the number of states. F
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this reason, a so-called window approach for
optimizing digital circuits was proposed in [2]. We
iteratively extract a frame of an appropriate dipen a
given digital circuit and optimize it with respect the
given criteria. The procedure terminates when vwee ar
satisfied with the optimization results.

In this paper, when optimizing a frame, we divide
the frame into two sequential circuit componentd an
optimize them independently. For each primary outpu
of a circuit component, we check whether lengtha of
path from primary inputs to this output can be sl
and if so, we perform necessary replacements. Heor t
head component of the extracted frame, such chgckin
is based on a largest solution to a correspond®ig F
equation while for the tail component a correspogdi
FSM with external DNCs is used.

The structure of the paper is as follows. Section 1
contains the preliminaries. Section 2 is devotethto
optimization of combinational circuits while Secti@
discusses how to extend the obtained results to
sequential circuits. Section 4 concludes the paper.

2. Preiminaries

In this paper, we use lzehavioral (characteristic)
function in order to represent a digital circuit behavior.
This function h is defined over input and outputs
variables of the circuit anla(x, y) = 1 if and only if the
circuit produces the output vectgrto the input vector
X. Correspondingly for a combinational circuit the
behavioral function is specified over input andputt
variables, while for a sequential circuit the bebeal
function is specified over input and output varezbhs
well as state variables of the current and the sexte.



2.1.Behavioral function

Consider the combinational circuit in Figure 1.a.
The circuit implements a system of Boolean function
@ (an SBF®) and can be described by a corresponding

behavioral functionWao(Xs, ..., Xn, Y1, --er Yi): WXy,
v X Yq, - YY) =1 ifand only if Yy = 040Xy, ..., X)),
v Y= 0(Xy, ..., X,). We say that a functioW is an

SBF-behavioral function if¥ is a behavioral function
of some system of Boolean, and possibly non-
deterministic, functions. Given a Boolean functién

we denote M ; the set of variable values, for which the
function equals 1. Given Boolean functioBsand W
such tha M, O M;, , we denote this fact &< W.

According to the sequential circuit in Figure lthe
behavioral functionh is specified over the set
XOPOZzOY of variables anti(x, p, z, y) = 1 if and only
if the current state of the registerspistheinput is x,
the next state of the registerszisvhile the output of
the circuit isy.

a b

Figure 1. Combinational (a) and sequential (b)
circuits

When the initial state of registers is known,
generally, not each state is reachable from thigaini
state. Moving iteratively from state to state wen ca
define an output sequence for each input sequérate t
is called output response of the circuit to a
corresponding input sequence. Two circuits are
equivalent if their output responses at the initial states
coincide for each input sequence.

In Table 1 we present two sequential circuits as
structural Finite State Machines (FSMs) with thigiah
states 00 and 0 and for the sake of simplicity keep
only reachable states in the FSM representatioe. Th
part of the behavioral function related to the hedote
states can be easily extracted from such repraganta
FSM C, is specified over input variabbe and output
variablesu;u,, while the values of the variables, p.
and z, z, represent a current and the next state of the

circuit. FSMGC; is specified over input variables and

u, and output variabley, while the values of the
variablesa andb represent the current and next states
of the circuit. For example, the behavioral funatio
W,(00010) = 1 whild¥,(00000) = 0.

Table 1a. FSM ¢

a 0 1
”1&
00 170 /1
01 o1 /1
10 71 o
11 o o
Table 1b. FSM G
N 00 01 10
0 01/00 10/01 10/00
1 10/01 00/10 01/00

2.1. The sequential composition of digital
circuits

We now consider the sequential composition of two
digital circuits (Figure 2) represented by their
behavioral functionsV(x, p, z, u) andWy(u, a, b, y).
The composition is a structural FSM that describes
behavior of the overall circuit. Thus, the behaaior
functionW(x, p, z, &, b, y) of the overall circuit is‘¢;
OW,) xpzaby: Whee ,xp,any iS the projection of¥, O
W,) onto the set of variablesO PO ZOAOBOY.

In this paper, given a Boolean functiprover the seV
0 U of variables, we assume that the Bt of the

projectiong,, is theV-projection of the se M; .
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Figure 2. The sequential composition of two circuits
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Consider two sequential circuits represented by
their structural FSMs in Table 1. We derive the



structural FSMC, ¢ G, that is specified over input
variablex and output variablg, while the values of the
variablesp,, p,, @ andz, z, brepresent the current and
next states of the circuit. FSMZ;  C, in Table 2
describes the behavior of the sequential composifo

C, andC, with respect to the states which are reachable
from the initial state.

Table 2. The structural FSM (only reachable states

are shown)
p. p.al 000 011 100 101
x~1"2
0 011/0 101/2) 101/Q 101/1
1 100/1 000/1] 011/ o0111

In order to optimize the head or the tail component
of the composition we should replace a circuit
component with another one, such that the external
behavior of the overall composition is preserved. A
such behaviors can be captured by a largest soltdio
a corresponding FSM equation [1]. An optimal citcui
(according to criteria of interest) can be therramted
from a largest solution. In this paper, for eadttuit
component, we examine if it is possible to reduce
length of paths from primary inputs to primary autgp
and correspondingly to reduce path delays.
sequential circuits we are interested in shortepaits
from primary inputs and register outputs to primary
outputs and register inputs. We first discuss hbe t
problem can be solved for combinational circuitsl an
then extend the obtained results to sequentialitinc

For

3. Optimizing a combinational circuit

In this section, we assume that components of the
sequential composition are combinational circultise
head component implements the SB®;; the

behavioral function ‘P% of the head component is
specified over the setx{, ..., X, Ui ..., u} of
variables. The tail component implements the SBF
and the behavioral function‘P‘1>2 of the talil
component is specified over the set,{..., U, Y1, ...,

Vmt Of variables. The behavioral functio#s of the
overall circuit which implements the SBF = ®,(®P,)

is specified over the setxf ..., X, Vi,
variables an®o= (W, CW o )ixy-

ey Y} Of

3.1. Solving an equation over the head
component

The set of all behaviors which can replace the head
component is captured by the largest solution of an
FSM equation and can be determined using the
following statement:

Proposition 1. Given SBF

P1) = PPy if and only if W, <

(W, DW_QD)Mu , where ¢ is the inversion of the
function¢.

Proposition 1 gives a guide how to determine an
SBF that can replace SB®; without changing the
behavior of the overall system. In this section, we
illustrate how to check whether one or more funtio
of the head component can be selected as funabons
two input variables.

First, we briefly sketch the method in [3] how to
check whether one or more functions of the head
component can be selected as functions equal to the
constant 1 (or to the constant 0).

In this case, given a functic (W, DW_Q))

LX,u
we are required to check if there exists a systeyof
Boolean functionsBi(xy, ..., X.), .., 6(Xe, ...y %),
where the functio®; equals the constant 1, aL|J¢3 <

(Po, D‘P_q,)u , - We can determine such an S®k
using the  conjunction of the  function
(We, DW_(D)Mu and the variable;. The following

statement holds:



Proposition 2 [3]. There exists SBRb;, W, <

(Wo, DW_Q))M'u , such that the functiof, equals to
the constant 1 if and only if the function
((Wo, DLP_q,)lx , 0U).x equals to the constant 1.

The proof is implied by the fact that for each ihpu
patternx there should exist the pattetnof internal
variablesuy, U, ..., ux whereuy, = 1, such that the

function (‘Pq,z Dw—m)m,u

XuU.

equals 1 for the pattern

We note that Proposition 2 can be easily
transformed for checking whether there exists ak SB
@3 where an appropriate function equals the contant
In this case, we need to project the function

(u_j 0 (W, D\P_q))lx , ) onto the sety, X, ..., X}
of variables.

We use an example from [3] to demonstrate how
Proposition 2 can be used for the optimization. We
consider a combinational circuit represented inufeg
3.

X +—

Xy

Figure 3. Initial combinational circuit

The functions can be calculated based on the cut of

the circuit (Figure 3). In this cas (‘1—2,,2 D‘P_q,)

LX,u
= %, Ox,u, DX XUu, OXXUU,. The
conjunction of this function and the function equals
X_lu_lu2 U qu_lu2 Dxlx_zuluz. It means that for
input patternx = 00, 01, 11 we can seleagt andu, as
11 and there exists SBF @,

Yo, < (W, DW_CD)M’u , such that the function, =

0,(x1, Xo) equals the constant 1. We note thall 1 =u,;
and the NAND gate can be replaced by an invertee. T
optimized combinational circuit is shown in Figyre

Figure 4. The combinational circuit after optimization

We now consider all the output functions of the
head circuit and select a functinthat has the longest
sequence of gates from primary inputs to the
corresponding output. LeX(x, x;) be a function of two
primary inputsx; andx.. Usuallyp(x;, %) is selected in
such a way that it can be implemented by a singte.g
For examplep(x, %) can be the conjunction of two
variables, the disjunction of two variables, etcorder
to check whether a corresponding output function of
the head circuit component can be replaceg(ly x),
we add a new variablg.; = u; O p(x, %). In this case,

there exists SBRs, Wy, < (W, D‘P_q,)lx , » such

that the functiong; equals top(x, x,), if and only if
there exists such a system whdg; equals to the
constant 0. Thus, the following statement holds:

Proposition 3. There exists SBFP;, Wq,as

(W, OW,)
there exists SB® such thaty .; equals to the constant
0 and W, < (W, OW,)
P, X))

Trying all the primary outputs of the head circuit
component and all possible functions which correspo
to available gates with two inputs, we can say Wwbiet
there exists such an SBF that the sequence of gates
corresponding primary output can be replaced by a
single gate.

, Whereuy; = p(x;, %), if and only if

1X,u

) xu O (Ua = U O

LX,u

3.2. Solving an equation for the tail

component

The set of all behaviors of the tail component can
be captured by a partial FSM that is defined oahuf
patterns which can be output patterns of the head
component. Thus, in order to getinputs where the
behavior of the tail component cannot be changed we



take the projection LPQ)l CY o, )iuy- This function is

not really a behavioral function, since it descsiloaly
a part of behavior. If for somepattern there is ng-

pattern in the se M;, then the behavior of the tall

component for thisu-pattern can be selected in an
arbitrary way (so-called input don’'t care condispn
We consider again a functiop(u;, u;) of two input
variablesy; anduy;. Let

Given a functionW(uy, ..., U, Vi,
(Wo, CW ¢, )iy, it holds thatW <

vy Ym)y W =
W, .= We

replace the variablg in W by the functiorp(u;, u;) and
obtain the functio®¥, over the same set of variables.

Proposition 4. There exists SBR; such that the
function wy equalsp(u;, u;) and®;(P,) = P,(P,) if and
onlyif W < W,

The proof is implied by the fact that for each ihpu
patternu that can be produced by the head component,
it holds thaty; = p(u;, uy); thus, the functiory can be
replaced by the functiop(u;, u;) without changing the
external behavior of the overall circuit.

3.3. Experimental results

We experimented with the proposed method on
some benchmarks [4] in order to see how often gaven
combinational circuit, we can reduce the lengthaof
path from primary inputs to primary outputs forigem
circuit. For each benchmark, at the first step wieaet
a frame (a combinational circuit) of an approprisitee
that has up to 20 inputs where path length froormary
inputs to primary outputs is 7-8 on average whéag
up to 18-24 for some benchmarks. We divide the
extracted frame into two parts and for each circuit
component we check whether some paths could be
shortened. We use ten functions of two variableshs
as AND, OR, etc., which can be easily implementgd b
a single gate. We take several cuts of the sanceicir
and check each of them. Our results clearly shaw th
on average 20% of internal and external outputsbean
implemented as a single gate that depends on two
variables. For some frames of some benchmarks the
number of such outputs reaches 33%. If such an

optimization is performed for the tail componenerth
we add an appropriate gate and delete all the gdtes
the corresponding path which do not influence other
outputs. Correspondingly, the number of gates ef th
overall circuit can also be reduced.

4. Optimizing components of a sequential
circuit

We now assume that components in Figure 1 are
sequential circuits, i.e., they have registers tésta
variables). The behavior of the composition can be
described in the same way as the appropriate piajec
of the conjunction of the component behavioral
functions. A largest solution to an appropriate FSM
equation is also constructed in the same way. Hewev
the problem how to analyze this largest solution is
much more complex according to the following
reasons. First of all, the largest solution canehstates
where the behavior is not specified for some inputs
this means that if a circuit component reaches a
corresponding state then these inputs cannot beedpp
without violating the external behavior of the calér
circuit. Such states must be iteratively deletednfithe
largest solution and the procedure of deleting plaig
from a behavioral function is rather complex. Haist
reason, we consider only a part of the largesttismiu
that preserves the transition function of the haaclit
component.

For the head component we obtain the behavioral
function (W, D‘P_q,)

solution. In order to keep consistency between the
transition functions of the initial and modified
componentswe project the behavioral function of the
head component onto input and state variables and
derive the conjunction of the projection with the
function  (Wy, UW,) . If

1x,p,z,a,b,u

of the largest

1x,p,z,a,b,u

we use

information about states that are unreachable fiteen
initial state, then the obtained formula has thepgiete
flexibility for the head component when the traiosit
function of the initial head component is preservid
the next step, we apply the results of Sectioni.1
order to check if one or several transition anaitaiput
functions of the head component can be replaceatidy
function that is equal to constant 1 (or 0), or ¢en



replaced by a single function of two input variable
such as conjunction, disjunction, etc.

For the sequential composition of circuits in Table
we obtain the behavioral function represented by a
structural FSM in Table 3.a (transitions for uniesue
states are not shown).

Table 3a. The flexibility of FSM Cy

" Py P2 00 01 10
0 01/00 10/00,01 10/00
1 10/01,11| 00/10,11 01/00

Table 3b. The flexibility of FSM C;

K 0 1
.,

00 1/0 11
01 0/1 11
10 - 0/1
11 - -

When optimizing the tail component, we project the
function (W, LW, ) onto input, state and output

variables of the tail component and apply the tesof
Section 3.2 in order to check if one or severaiditton
and/or output functions of the tail component can b
replaced by the function that is equal to consiatar
0), or can be replaced by a single function of immut
variables such as conjunction, disjunction, etc.

For the sequential composition of circuits in Table
we obtain the behavioral function represented by a
structural FSM in Table 3.b, where the notation “-*
represents unspecified transitions.

5. Conclusions

In this paper, we have proposed how to optimize a
digital circuit by dividing the circuit into two ggential
circuit components. Each circuit component is
optimized independently. Using the flexibility pided
by a largest solution to an appropriate FSM equatio
we propose sufficient conditions for checking wiegth

one or some output (transfer) functions can beacsl

by a function equal to the constant 1 (or 0), antjoa
simple function of two input variables that can be
implemented as a single gate. Such replacement can
shorten a path from primary inputs to primary otspu

in a circuit component and correspondingly in the
overall circuit. In turn, it can imply the deteraion in

the number of gates. The established conditions
become necessary and sufficient conditions for
combinational circuits. We also note that all theaks

can be performed fast enough when BDDs [5] are used
for behavioral function representation. Another way
speed-up checking is to wuse interpolants and
appropriate SAT-solvers [6].
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