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Abstract 

 In this paper, we propose an approach for minimizing 
path length from primary inputs to primary outputs in digital 
circuits. A digital circuit is divided into parts and the 
flexibility for each part is provided by the largest solution to 
an appropriate FSM equation. We propose sufficient 
conditions for checking whether one or some output 
(transfer) functions can be replaced by a simple function of 
two primary input variables that can be implemented as a 
single gate. The established conditions become necessary and 
sufficient conditions for combinational circuits.  

 

1. Introduction 

The complexity of digital circuits increases quickly, 
and thus, the problem of their optimal design with 
respect to criteria such as reliability, fault-tolerance, 
minimal number of communication lines, delay, area 
etc. remains a challenging problem for developing new 
information technologies. The best approach for the 
optimization has been shown to be an iterative 
optimization checking at each step for conformance 
and improvement. One such approach is based on 
solving FSM equations under synchronous composition 
operators, which model interacting FSMs in hardware. 
In the paper [1], the authors characterized the 
solvability of a synchronous equation and showed how 
to effectively compute a largest solution to a solvable 
equation (any other solution is a reduction of a largest 
solution). A largest solution to an equation can be 
viewed as a general solution to the equation and thus, 
can be viewed as a reservoir for all possible 
optimizations of a component of interest, from which 
an optimal component implementation can be chosen. 
However, the complexity of solving an FSM equation 
generally is exponential in the number of states. For 

this reason, a so-called window approach for 
optimizing digital circuits was proposed in [2]. We 
iteratively extract a frame of an appropriate size from a 
given digital circuit and optimize it with respect to the 
given criteria. The procedure terminates when we are 
satisfied with the optimization results.   

In this paper, when optimizing a frame, we divide 
the frame into two sequential circuit components and 
optimize them independently. For each primary output 
of a circuit component, we check whether length of a 
path from primary inputs to this output can be reduced 
and if so, we perform necessary replacements. For the 
head component of the extracted frame, such checking 
is based on a largest solution to a corresponding FSM 
equation while for the tail component a corresponding 
FSM with external DNCs is used.  

The structure of the paper is as follows. Section 1 
contains the preliminaries. Section 2 is devoted to the 
optimization of combinational circuits while Section 3 
discusses how to extend the obtained results to 
sequential circuits. Section 4 concludes the paper. 

 

2. Preliminaries 

In this paper, we use a behavioral (characteristic) 
function in order to represent a digital circuit behavior. 
This function h is defined over input and outputs 
variables of the circuit and h(x, y) = 1 if and only if the 
circuit produces the output vector y to the input vector 
x. Correspondingly for a combinational circuit the 
behavioral function is specified over input and output 
variables, while for a sequential circuit the behavioral 
function is specified over input and output variables as 
well as state variables of the current and the next state. 



 

2.1.Behavioral function 

Consider the combinational circuit in Figure 1.a. 
The circuit implements a system of Boolean functions 
Φ (an SBF Φ) and can be described by a corresponding 
behavioral function ΨΦ(x1, …, xn, y1, …, yk): ΨΦ(X1, 
…, Xn, Y1, …, Yk) = 1 if and only if  Y1 = ϕ1(X1, …, Xn), 
…, Yk = ϕk(X1, …, Xn). We say that a function Ψ is an 
SBF-behavioral function if Ψ is a behavioral function 
of some system of Boolean, and possibly non-
deterministic, functions. Given a Boolean function θ, 

we denote 1
θM  the set of variable values, for which the 

function equals 1. Given Boolean functions θ and Ψ 

such that 1
θM  ⊆ 1

ψM , we denote this fact as θ ≤ Ψ. 

According to the sequential circuit in Figure 1.b, the 
behavioral function h is specified over the set 
X∪P∪Z∪Y of variables and h(x, p, z, y) = 1 if and only 
if the current state of the registers is p, the input is x, 
the next state of the registers is z while the output of 
the circuit is y. 

 

Figure 1. Combinational (a) and sequential (b) 

circuits 

When the initial state of registers is known, 
generally, not each state is reachable from the initial 
state. Moving iteratively from state to state we can 
define an output sequence for each input sequence that 
is called output response of the circuit to a 
corresponding input sequence. Two circuits are 
equivalent if their output responses at the initial states 
coincide for each input sequence. 

In Table 1 we present two sequential circuits as 
structural Finite State Machines (FSMs) with the initial 
states 00 and 0 and for the sake of simplicity, we keep 
only reachable states in the FSM representation. The 
part of the behavioral function related to the reachable 
states can be easily extracted from such representation. 
FSM C1 is specified over input variable x and output 
variables u1u2, while the values of the variables p1, p2 
and z1, z2 represent a current and the next state of the 

circuit. FSM C2 is specified over input variables u1 and 
u2 and output variable y, while the values of the 
variables a and b represent the current and next states 
of the circuit. For example, the behavioral function 
Ψ2(00010) = 1 while Ψ2(00000) = 0. 

 

Table 1a. FSM C1 

 

0 1 

00 1/0 1/1 

01 0/1 1/1 

10 1/1 0/1 

11 0/1 0/1 

 

Table 1b. FSM C2 

 

00 01 10 

0 01/00 10/01 10/00 

1 10/01 00/10 01/00 

 

2.1. The sequential composition of digital 
circuits 

We now consider the sequential composition of two 
digital circuits (Figure 2) represented by their 
behavioral functions Ψ1(x, p, z, u) and Ψ2(u, a, b, y). 
The composition is a structural FSM that describes the 
behavior of the overall circuit. Thus, the behavioral 
function Ψ(x, p, z, a, b, y) of the overall circuit is (Ψ1 

∧ Ψ2)↓x,p,z,a,b,y, wherе ↓x,p,z,a,b,y is the projection of (Ψ1 ∧ 
Ψ2) onto the set of variables X ∪ P ∪ Z ∪ A ∪ B ∪ Y. 
In this paper, given a Boolean function ϕ over the set V 
∪ U of variables, we assume that the set M1 of the 

projection ϕ↓v is the V-projection of the set 1
ϕM .  

 

Figure 2. The sequential composition of two circuits 

Consider two sequential circuits represented by 
their structural FSMs in Table 1. We derive the 



structural FSM C1 • C2 that is specified over input 
variable x and output variable y, while the values of the 
variables p1, p2, a and z1, z2, b represent the current and 
next states of the circuit. FSM C1 • C2 in Table 2 
describes the behavior of the sequential composition of 
C1 and C2 with respect to the states which are reachable 
from the initial state.  

Table 2. The structural FSM (only reachable states 

are shown) 

 

000 011 100 101 

0 011/0 101/1 101/0 101/1 

1 100/1 000/1 011/0 011/1 

 

In order to optimize the head or the tail component 
of the composition we should replace a circuit 
component with another one, such that the external 
behavior of the overall composition is preserved. All 
such behaviors can be captured by a largest solution to 
a corresponding FSM equation [1]. An optimal circuit 
(according to criteria of interest) can be then extracted 
from a largest solution. In this paper, for each circuit 
component, we examine if it is possible to reduce 
length of paths from primary inputs to primary outputs 
and correspondingly to reduce path delays.  For 
sequential circuits we are interested in shortening paths 
from primary inputs and register outputs to primary 
outputs and register inputs. We first discuss how the 
problem can be solved for combinational circuits and 
then extend the obtained results to sequential circuits.  

 

3. Optimizing a combinational circuit 

In this section, we assume that components of the 
sequential composition are combinational circuits. The 
head component implements the SBF Φ1; the 

behavioral function 
1ΦΨ of the head component is 

specified over the set {x1, …, xn, u1, …, uk} of 
variables. The tail component implements the SBF Φ2 

and the behavioral function 
2ΦΨ of the tail 

component is specified over the set {u1, …, uk, y1, …, 
ym} of variables. The behavioral function ΨΦ of the 
overall circuit which implements the SBF Φ = Φ2(Φ1) 

is specified over the set {x1, …, xn, y1, …, ym} of 

variables and ΨΦ = (
1ΦΨ ∧

2ΦΨ )↓x, y. 

 

3.1. Solving an equation over the head 
component 

The set of all behaviors which can replace the head 
component is captured by the largest solution of an 
FSM equation and can be determined using the 
following statement:   

 

Proposition 1. Given SBF        
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Φ2(Φ1) = Φ2(Φ3) if and only if 
3ΦΨ  ≤ 

ux  ,
)( ↓ΦΦ Ψ∧Ψ

2
, where ϕ  is the inversion of the 

function ϕ.  

Proposition 1 gives a guide how to determine an 
SBF that can replace SBF Φ1 without changing the 
behavior of the overall system. In this section, we 
illustrate how to check whether one or more functions 
of the head component can be selected as functions of 
two input variables. 

First, we briefly sketch the method in [3] how to 
check whether one or more functions of the head 
component can be selected as functions equal to the 
constant 1 (or to the constant 0). 

In this case, given a function 
ux  ,

)( ↓ΦΦ Ψ∧Ψ
2

, 

we are required to check if there exists a system Φ3 of 
Boolean functions θ1(x1, …, xn), …, θk(x1, …, xn), 

where the function θj equals the constant 1, and 
3ϕψ  ≤ 

ux  ,
)( ↓ΦΦ Ψ∧Ψ

2
. We can determine such an SBF Φ3 

using the conjunction of the function 

ux  ,
)( ↓ΦΦ Ψ∧Ψ

2
 and the variable uj. The following 

statement holds: 



Proposition 2 [3]. There exists SBF Φ3, 
3ΦΨ ≤ 

ux  ,
)( ↓ΦΦ Ψ∧Ψ

2
, such that the function θj equals to 

the constant 1 if and only if the function 

( ux  ,
)( ↓ΦΦ Ψ∧Ψ

2
 ∧ uj)↓x equals to the constant 1. 

The proof is implied by the fact that for each input 
pattern x there should exist the pattern u of internal 
variables u1, u2, …, uk where uj = 1, such that the 

function 
ux  ,

)( ↓ΦΦ Ψ∧Ψ
2

 equals 1 for the pattern 

xu.  

We note that Proposition 2 can be easily 
transformed for checking whether there exists an SBF 
Φ3 where an appropriate function equals the constant 0. 
In this case, we need to project the function  

( ju  ∧ 
ux  ,

)( ↓ΦΦ Ψ∧Ψ
2

) onto the set {x1, x2, …, xn} 

of variables.   

We use an example from [3] to demonstrate how 
Proposition 2 can be used for the optimization. We 
consider a combinational circuit represented in Figure 
3. 

 

Figure 3. Initial combinational circuit 

The functions can be calculated based on the cut of 

the circuit (Figure 3). In this case, 
ux  ,

)( ↓ΦΦ Ψ∧Ψ
2

 

= 212121211211 uuxxuuxxuxux ∨∨∨ . The 

conjunction of this function and the function u2 equals 

2121212211 uuxxuuxuux ∨∨ . It means that for 

input patterns x = 00, 01, 11 we can select u1 and u2 as 
11 and there exists SBF Φ3, 

3ΦΨ  ≤ 
ux  ,

)( ↓ΦΦ Ψ∧Ψ
2

, such that the function u2 = 

θ2(x1, x2) equals the constant 1. We note that u1 ∧ 1 = u1 
and the NAND gate can be replaced by an inverter. The 
optimized combinational circuit is shown in Figure 4.  

 

Figure 4. The combinational circuit after optimization 

We now consider all the output functions of the 
head circuit and select a function θj that has the longest 
sequence of gates from primary inputs to the 
corresponding output. Let p(xi, xr) be a function of two 
primary inputs xi and xr. Usually p(xi, xr) is selected in 
such a way that it can be implemented by a single gate. 
For example, p(xi, xr) can be the conjunction of two 
variables, the disjunction of two variables, etc. In order 
to check whether a corresponding output function of 
the head circuit component can be replaced by p(xi, xr), 
we add a new variable uk+1 =  uj ⊕ p(xi, xr). In this case, 

there exists SBF Φ3, 
3ΦΨ ≤ 

ux  ,
)( ↓ΦΦ Ψ∧Ψ

2
, such 

that the function θj equals to p(xi, xr), if and only if 
there exists such a system where θk+1 equals to the 
constant 0. Thus, the following statement holds:  

Proposition 3.  There exists SBF Φ3, 
3ΦΨ ≤ 

ux  ,
)( ↓ΦΦ Ψ∧Ψ

2
, where uj = p(xi, xr), if and only if 

there exists SBF Φ such that uk +1 equals to the constant 

0 and ΦΨ ≤ (
ux  ,

)( ↓ΦΦ Ψ∧Ψ
2

)↓ x,u ∧ (uk+1 = uj ⊕ 

p(xi, xr)).   

Trying all the primary outputs of the head circuit 
component and all possible functions which correspond 
to available gates with two inputs, we can say whether 
there exists such an SBF that the sequence of gates to a 
corresponding primary output can be replaced by a 
single gate.  

 

3.2. Solving an equation for the tail 
component 

The set of all behaviors of the tail component can 
be captured by a partial FSM that is defined only for u-
patterns which can be output patterns of the head 
component. Thus, in order to get u-inputs where the 
behavior of the tail component cannot be changed we 



take the projection (
1ΦΨ ∧

2ΦΨ )↓u,y. This function is 

not really a behavioral function, since it describes only 
a part of behavior. If for some u-pattern there is no y-

pattern in the set 1
ψM  then the behavior of the tail 

component for this u-pattern can be selected in an 
arbitrary way (so-called input don’t care conditions). 
We consider again a function p(ui, ur) of two input 
variables ui and ur. Let  
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Given a function Ψ(u1, …, uk, y1, …, ym), Ψ = 

(
1ΦΨ ∧

2ΦΨ )↓u,y, it holds that Ψ ≤ 
2ΦΨ . We 

replace the variable yj in Ψ by the function p(ui, ur) and 
obtain the function Ψp over the same set of variables.  

Proposition 4. There exists SBF Φ3 such that the 
function ωj equals p(ui, ur) and Φ3(Φ1) = Φ2(Φ1) if and 
only if Ψ ≤ Ψp. 

The proof is implied by the fact that for each input 
pattern u that can be produced by the head component, 
it holds that yj = p(ui, ur); thus, the function ωj can be 
replaced by the function p(ui, ur) without changing the 
external behavior of the overall circuit. 

  

3.3. Experimental results 

We experimented with the proposed method on 
some benchmarks [4] in order to see how often given a 
combinational circuit, we can reduce the length of a 
path from primary inputs to primary outputs for a given 
circuit. For each benchmark, at the first step we extract 
a frame (a combinational circuit) of an appropriate size 
that has up to 20 inputs where path length from primary 
inputs to primary outputs is 7-8 on average while being 
up to 18-24 for some benchmarks. We divide the 
extracted frame into two parts and for each circuit 
component we check whether some paths could be 
shortened. We use ten functions of two variables, such 
as AND, OR, etc., which can be easily implemented by 
a single gate. We take several cuts of the same circuit 
and check each of them. Our results clearly show that 
on average 20% of internal and external outputs can be 
implemented as a single gate that depends on two 
variables. For some frames of some benchmarks the 
number of such outputs reaches 33%. If such an 

optimization is performed for the tail component then 
we add an appropriate gate and delete all the gates of 
the corresponding path which do not influence other 
outputs. Correspondingly, the number of gates of the 
overall circuit can also be reduced.  

 

4. Optimizing components of a sequential 
circuit 

We now assume that components in Figure 1 are 
sequential circuits, i.e., they have registers (state 
variables). The behavior of the composition can be 
described in the same way as the appropriate projection 
of the conjunction of the component behavioral 
functions. A largest solution to an appropriate FSM 
equation is also constructed in the same way. However, 
the problem how to analyze this largest solution is 
much more complex according to the following 
reasons. First of all, the largest solution can have states 
where the behavior is not specified for some inputs; 
this means that if a circuit component reaches a 
corresponding state then these inputs cannot be applied 
without violating the external behavior of the overall 
circuit. Such states must be iteratively deleted from the 
largest solution and the procedure of deleting this part 
from a behavioral function is rather complex. For this 
reason, we consider only a part of the largest solution 
that preserves the transition function of the head circuit 
component. 

For the head component we obtain the behavioral 

function 
ubazpx  , , , , ,

)( ↓ΦΦ Ψ∧Ψ
2

 of the largest 

solution. In order to keep consistency between the 
transition functions of the initial and modified 
components, we project the behavioral function of the 
head component onto input and state variables and 
derive the conjunction of the projection with the 

function 
ubazpx  , , , , ,

)( ↓ΦΦ Ψ∧Ψ
2

. If we use 

information about states that are unreachable from the 
initial state, then the obtained formula has the complete 
flexibility for the head component when the transition 
function of the initial head component is preserved. At 
the next step, we apply the results of Section 3.1 in 
order to check if one or several transition and/or output 
functions of the head component can be replaced by the 
function that is equal to constant 1 (or 0), or can be 



replaced by a single function of two input variables 
such as conjunction, disjunction, etc. 

For the sequential composition of circuits in Table 1 
we obtain the behavioral function represented by a 
structural FSM in Table 3.a (transitions for unreachable 
states are not shown). 

Table 3a. The flexibility of FSM C1 

 

00 01 10 

0 01/00 10/00,01 10/00 

1 10/01,11 00/10,11 01/00 

 

Table 3b. The flexibility of FSM C2 

 

0 1 

00 1/0 1/1 

01 0/1 11 

10 - 0/1 

11 - - 

 

When optimizing the tail component, we project the 

function )(
21 ΦΦ Ψ∧Ψ  onto input, state and output 

variables of the tail component and apply the results of 
Section 3.2 in order to check if one or several transition 
and/or output functions of the tail component can be 
replaced by the function that is equal to constant 1 (or 
0), or can be replaced by a single function of two input 
variables such as conjunction, disjunction, etc. 

For the sequential composition of circuits in Table 1 
we obtain the behavioral function represented by a 
structural FSM in Table 3.b, where the notation “-“ 
represents unspecified transitions. 

 

5. Conclusions 

In this paper, we have proposed how to optimize a 
digital circuit by dividing the circuit into two sequential 
circuit components. Each circuit component is 
optimized independently. Using the flexibility provided 
by a largest solution to an appropriate FSM equation, 
we propose sufficient conditions for checking whether 

one or some output (transfer) functions can be replaced 
by a function equal to the constant 1 (or 0), and/or by a 
simple function of two input variables that can be 
implemented as a single gate. Such replacement can 
shorten a path from primary inputs to primary outputs 
in a circuit component and correspondingly in the 
overall circuit. In turn, it can imply the deterioration in 
the number of gates. The established conditions 
become necessary and sufficient conditions for 
combinational circuits. We also note that all the checks 
can be performed fast enough when BDDs [5] are used 
for behavioral function representation. Another way to 
speed-up checking is to use interpolants and 
appropriate SAT-solvers [6]. 
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